This paper demonstrates how the evaluation of the electromagnetic scattering from 3D rough multilayers can be analytically conducted in the framework of the Volumetric Perturbative Reciprocal Theory (VPRT). The advantage of the proposed approach is twofold. Indeed, in this framework the pertinent closed-form (first-order) scattering solution is derived in a conceptually clean way and is directly interpreted in terms of the Rumsey's reaction concept. Accordingly, the concept of multireaction is introduced and discussed. Finally, it is important to note that methodologically the VPRT opens the way to the unified treatment of both interfacial and volumetric scattering in random media.
Introduction and Motivations
The response of natural stratification to electromagnetic wave has received much attention in last decades, since its crucial role played in the remote sensing arena [Yarovoy et al., 2000; Fuks, 2001; Azadegan et al., 2003; Tabatabaeenejad et al., 2006; Franceschetti et al., 2008; Imperatore et al., 2009a Imperatore et al., , 2009b . In this context, concerning the modeling of the superficial structure of the Earth, whose formation is inherently layered, the most general scheme that can be adopted includes the characterization of (piecewise) layered random media. On the other hand, a variety of perturbation methods has been widely adopted in several research areas, such as Acoustics, Celestial Mechanics, Quantum Mechanics, Optics, Atomic Physics, and Quantum Chemistry. More specifically, in applied electromagnetics the Perturbation Theory formulation of Maxwell's equations has been conveniently applied in several contexts. We underline that, even though the fundamentals of perturbation theory is very simple, however there are not general guidelines for the analytical derivation of a perturbed solution, and very often a significant amount of tedious algebraic manipulation can be required. On the other hand, electromagnetic scattering from complex 3D layered media is of paramount interest in the microwave remote sensing context. Recently, a systematic formulation has been introduced to deal with the analysis of a layered structure with an arbitrary number of rough interfaces. Specifically, the results of the Boundary Perturbation Theory (BPT) [Imperatore et al., 2009a [Imperatore et al., ,b, 2010a lead to polarimetric, 154 formally symmetric and physical revealing closed form analytical solutions: in this case the theoretical construct is based on a suitable perturbation in the geometry of the problem and the scattering problem is treated by adopting a proper perturbation of boundary conditions. However, how we show in this paper, a formal solution for scattering from rough layered media can be much more straightforwardly obtained by using methodologically a different approach, which is based on two key elements: the use of the Reciprocity Theorem and an appropriate description of the scattering structure in terms of space-variant volumetric perturbation of the dielectric constant distribution. Therefore, in this paper we present an innovative formulation for the evaluation of the electromagnetic wave interaction with non-trivial random stratifications that can include the cases of random roughnesses and volumetric inhomogeneity; the formulation is based on a volumetric perturbative approach and it is intrinsically reciprocal: this approach allows us to consistently treat both interface roughness and volumetric fluctuations. Accordingly, the developed comprehensive scattering approach methodologically permits to, simultaneously and rigorously, take into account both rough-interface scattering and volume scattering. The VPRT first-order general formulation can be applied to the case of rough multilayer. A general solution for electromagnetic wave scattering from a 3-D layered structure with an arbitrary number of gently rough interface has been recently presented in [Imperatore et al., 2011] : therein the polarimetric closed-form solution was derived in the first-order limit of the VPRT development for the general bi-static configuration. In this paper, we derive a compact closed-form solution relevant to the backscattering configuration for 3-D layered structures with arbitrary number of rough interfaces. Numerical examples are then presented with reference to situations of interest, so emphasizing the direct applicability to the remote sensing scenarios. We also demonstrate that the polarimetric solution, derived for a 3-D layered geometry and a monostatic radar configuration can be directly expressed in terms of unperturbed solutions. Furthermore, in order to emphasize the neat physical significance of our methodological approach, a remarkable interpretation of the scattering solution in terms of the fundamental Rumsey's reaction concept [Rumsey, 1954] is finally provided in the paper: we show how the proposed scattering solution can be interpreted in terms of a multi-reaction. This remarkable interpretation, which intimately depends on the essence of perturbation approach, is straightforward and rich in descriptive power. Finally, it is worth noting that formally our solution turns out to be fully consistent with the one obtained in the theoretical framework of the Boundary Perturbation Theory (BPT).
Volumetric Perturbative Reciprocal Theroy

Scattering Formulation
In this Section we introduce the volumetric perturbative formulation: a general scattering problem is analysed. Let us consider a source current density J(r) radiating an electromagnetic field E(r), H(r) in an inhomogeneous medium characterized by a distribution, ε = ε(r), of its relative dielectric permittivity . The electric field satisfies the vector Helmholtz equation (in the following, a factor exp(-jωt) is understood and suppressed):
where k 0 and η 0 are the propagation constant and the intrinsic impedance of vacuum, respectively. Let us now assume that the considered medium can be seen as an unperturbed medium with relative permittivity ε = ε (0) (r) to which a perturbation δε(r) is applied, so that ε(r) = ε (0) (r)+δε(r); let us also define the unperturbed field E (0) (r) as the field radiated by J(r) in the unperturbed medium:
is the field perturbation. Equation [3] shows that the field perturbation can be considered as radiated by an equivalent current density J 1 (r): J r r E r r E r jk jk 4
medium perturbations δε (r) are assumed to be small, then the field perturbation E (1) (r) turns out to be small with respect to the unperturbed field E (0) (r), which lead us to replace E(r) with E (0) (r) in equation [4] . In order to compute the perturbed field in a generic point r 0 , we define a (fictitious) source J r r r tJ 
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where V is a volume enclosing all the sources, as pictured in Figure 1 . Use of [4] and [5] in [6] leads to
allows us evaluating the field perturbation from knowledge of the medium perturbation and of the two unperturbed fields radiated by real and fictitious sources. If the unperturbed medium have discontinuity planes orthogonal to the z-axis, then it is convenient to distinguish between transverse ⊥ E and longitudinal field z E components (i.e., the field components orthogonal and parallel to the z-axis). Accordingly, equation [6] can be rewritten as E r E r r E r r r r r r 
This equation, with respect to Equation [6] , has the advantage that it is expressed in terms of unperturbed field components that are all continuous across discontinuity planes orthogonal to the z-axis. Note also that the integration in Equation [9] is effective only over the volume involving the dielectric perturbation. 
Backscattering From a Rough-Boundaries Multilayer
In this section, we use the general formulation reported in [9] to compute the backscattering from a layered medium with rough interfaces. When the monostatic configuration is concerned, the two unperturbed fields radiated by real, ) 0 ( E , and fictitious, ) 0 ( E , sources coincide. We also emphasize that the unperturbed field ) 0 ( E radiated by real source can be obtained in a general closed form [Imperatore et al., 2009a [Imperatore et al., , 2010a [Imperatore et al., , 2011 ; in addition, to characterize the medium, we explicitly compute the medium permittivity perturbation δε.
Layered Medium Characterization
For a layered medium with rough interfaces, the unperturbed medium is provided by a stack of N-1 parallel slabs, sandwiched in between two half-spaces; the entire structure is shift invariant along x and y directions (infinite lateral extent in x�y �y y directions are assumed). Each layer is assumed to be homogeneous and characterized by deterministic parameters: the dielectric relative permittivity ε m , and the thickness Figure 1 . The parameters pertaining to m-th layer are identified by a subscript m; its boundaries are z = �d m�1 and and z = �d m . We here assume that all the layers have the same magnetic relative permeability μ (possibly, but not necessarily, equal to 1). In addition, with reference to Figure 1 , we set d 0 =0. Accordingly, the unperturbed permittivity distribution is
where U $ h is the Heaviside's unit step function, that is zero for negative argument and 1 for positive argument. The perturbed medium is now obtained by assuming that each The perturbed medium is now obtained by assuming that each interface has a roughness characterized by a zero-mean two-dimensional process, then for 
where $ d^h is the Dirac delta function. Note that this perturbation is non-null only in thin regions around the planes z = �d m . Similarly, we can write 
In such a way, as the interfaces description is concerned, the actual interfaces can be regarded as volume perturbations localized around the unperturbed interfaces and, accordingly, the roughness can be replaced by discontinuous volume inhomogeneities.
Scattered Field Evaluation
The integral of the [9] over the volume V reduces to a multi-surface one being the geometric roughness of the interfaces described by means of an appropriate volume perturbation localized around the interfaces. By substituting [12] and [13] in [9], we get
E r E r r r r Fig. 1 ):
As a matter of fact, by substituting unperturbed field expression [Imperatore et al., 2011] in [15] and [16] , the final solution can be obtained. As a result, taking into account the contribution of each n-th corrugated interface, the monostatic global normalized radar scattering cross section (NRCS) of the N-rough interface layered media can be expressed as: , for the p-polarization (horizontal or vertical), at the interface between the regions (m-1) and m are defined as the ratio of the amplitudes of upward-and downward-propagating waves immediately above the interface, respectively. They can be expressed by recursive relations as in [Chew, 1997; Imperatore et al., 2010b] [ Chew, 1997; Imperatore et al., 2010b ] 
= + +
The generalized transmission coefficients in downward direction can be defined as: It is worth to be emphasized that, when the backscattering case is concerned, VPRT cross-polarized scattering coefficients evaluated in the plane of incidence vanish, in full accordance with the classical first-order SPM method for a rough surface between two different media [Bass and Fuks, 1979; Tsang et al., 1985] . Therefore, the presented closed-form solutions permits the evaluation of the backscattering from the layered rough structure, once the three-dimensional layered structure's parameters (shape of the roughness spectra, layers thickness and complex permittivities), the incident field parameters (frequency, polarization and direction) are been specified. Thus, VPRT scattering solution parametrically takes into account the dependence of scattering properties on the layered structure (geometric and electromagnetic) parameters. Furthermore, the scattering from the layered media is sensitive to the correlation between rough profiles of different interfaces. In particular, the effect of the interfaces cross-correlation is also accounted for in [17] : indeed the relevant degree of correlation affects the phase relation between the fields scattered by each rough interface. Obviously, when the interfaces are supposed to be uncorrelated, the second term in [17] can be neglected and accordingly, in the first-order approximation, the total backscattering arises from the incoherent superposition of radiation backscattered from each interface. Finally, we underline that all the previous existing perturbative scattering models, introduced by other authors to deal with some simplified layered geometry with one [Yarovoy et al., 2000; Fuks, 2001; Azadegan et al., 2003; ] or two [Tabatabaeenejad et al., 2006] rough interfaces, can be all rigorously regarded as a special cases of the general BPT solutions [Franceschetti et al., 2008] . Equations [17] and [20] provide a key result of our paper. Some comments are in order to illustrate major consequences from these equations. First of all, we emphasize that the proposed approach avoids somehow defining and using the Green functions, whereas our treatment directly involves the integral transform of the field. This simplifies the mathematical treatment of the problem; in addition, as it is clarified in the following, our approach leads to a meaningful physical interpretation of the perturbative solution. Furthermore, we highlight that formally the obtained analytical solution [17] and [20] , for the scattering from rough-boundaries multilayered structures, is perfectly equivalent to the one based on the perturbation of the boundary conditions approach [Imperatore et al., 2009a [Imperatore et al., , 2010b . In fact, it is easy to verify that [17] and [20] are formally coincident with [82] and [85] in [Imperatore et al., 2009a] . This is to say that first-order scattering field expressions derived by using VPRT and BPT are essentially identical. When the interfacial roughness is concerned, we emphasize that from a qualitative viewpoint, in long wavelength limit the controlling factor for the validity of our solution is not the dielectric contrast: in fact the smallness of the dielectric perturbation does not necessary requires a limitation on the dielectric contrast (whose modulus can be, and usually is, greater than 1). The relevant limitations regard the vertical extension (rms height) of the rough interface, which has to be small with respect to the wavelength of the incoming radiation. This is directly related to the role of the phase of the wave propagating inside the perturbation. In addition, regarding the roughness also a constraint on the small-slope assumption has to be considered (the gradient of the interface must be small in comparison with unit). Accordingly, the range of validity of the present formulation is the same as the one of the BPT formulation, i.e., the height deviation of the rough interfaces, about the unperturbed interface, is everywhere small compared to the wavelength of the incoming wave and the gradient of the interface is small in comparison to unity. It should be noted that, when only first-order terms are considered, then the perturbation theory yields the Bragg scatter phenomenon referred to a multi-rough-interfaces scattering: in fact, the scattered field at a given angle turns out to be the linear combination of the amplitudes of the Fourier Transforms of the interfaces roughness at one specific vector wave-number. Then, the scattered power at a particular angle is directly a linear combination of energies at relevant surface scales.
Multi-Reaction Concept and Physical Interpretation
In this section, some considerations on the unperturbed-waves coupling interpretation are in order. Taking into account 
h formally represents a perturbation operator associated with the roughness of the m-th interface. This operator reduces the integral in Equation [26] to a multi-surface one. We highlight the crucial role played by the resulting wave coupling, which is intimately related to structural perturbation introduced in the firstorder formulation: The exchange of energy is taking place as the roughness couples the energy of the incident wave with the one of the scattered field at the receiver. Consequently, for any fixed observation point the perturbation gives rise to a scattered field readable in terms of wave coupling of unperturbed solutions [see 24]. In the first order approximation, from the receiver viewpoint, the electromagnetic coupling between only two unperturbed waves is observed. In other words, the signal received depends on two unperturbed fields, whereas the operators m df affect the coupling between these two unperturbed solutions. As a result, the perturbation operators m df can be also thought as coupling coefficients, with m=0, 1, …, N-1. We are now in position to provide a very useful and informative interpretation of the proposed solution; this is done in terms of reactions. The concept of reaction, which has to be regarded as a basic physical observable, was originally introduced by Rumsey. Let's consider two vectorial functions, a E and b J : in an infinite-dimensional linear space for the electromagnetic fields, we can introduce the symmetric bilinear form
to which is given the physical meaning of reaction [Chew, 1997] 
Numerical Evaluation of the Radar Signature
In this section, we present some numerical examples aimed at studying scattering signature of a natural rough multilayer. To this purpose, we consider a canonical layered media with only three rough interfaces, which is representative of several situations of interest, and whose specific parametric characterization is given in in the following. In common with classical theoretical studies of the scattering of waves from random surfaces, we can assume that the interfaces constitute Gaussian 2-D random processes. We here briefly recall that the spectral representation of an isotropic surface with Gaussian autocorrelation function is given by:
wherein σ and L are the surface height standard deviation and correlation length, respectively.
In addition, the considered vertical profile is characterized by the following parameters:
. Concerning the roughness characterization adopted, for each rough interface, we assume the classical classical interfacial parameters kσ =0.13 and kL=2.60 (at 8.9 GHz). Indeed, in order to perform a 8.9 GHz). Indeed, in order to perform a . Indeed, in order to perform a Indeed, in order to perform a consistent comparison, we refer to interfaces with the same roughness. Moreover, we suppose no correlation between the interfaces. Once the structure has been parametrically defined in this way, in Figure 2 we show the plot of pp 0 v u as a function of incidence angle at 8.9 GHz, for both horizontal (HH) and vertical polarizations (VV). In Figure 2 the evaluation of the backscattering VPRT solution is carried out by relying on the Gaussian interface model with Gaussian correlation functions. The contributions of the first, second and third rough interfaces are represented, respectively, by the solid (blue) line, the long-dashed (red) line, and the short-dashed (green) line. In addition, the overall contribution is also depicted (solid black line). In Figure 3 , the response of the same structure is analyzed by adopting a different operative frequency (1.5 GHz). Making a comparison between the scattering responses of the same layered structure obtained for the two different operative frequencies, we notice that there is indeed a significant changing of the relevance of the corresponding distinct scattering contributions arising from the diverse interfaces. As a result, these simple examples give As a result, these simple examples give additional insight into the role of different rough interfaces of the layered medium.
Conclusion
We have demonstrated how the evaluation of the electromagnetic backscattering from 3D layered media can be analytically conducted in the framework of the Volumetric Perturbative Reciprocal Theory (VPRT). Backscattering from natural rough multilayers has been addressed and pertinent VPRT compact solution for monostatic configuration has been carried out. Therefore, it turned out that the VPRT formalism has inherently a very rich physical implication, namely the representation of the scattering phenomena directly in terms of the reaction concept. In addition, we emphasize that the solution here obtained in fully consistent with the pertinent BPT (Boundary Perturbation Theory) one. The model offers a consistent and plausible explanation of the NRCS dependency on the several involved parameters, so providing a rationale to understand the radar signature of natural rough multilayer. Finally, it is important to note that methodologically the VPRT opens the way to the unified treatment of both interfacial and volumetric scattering in random media. In addition, the overall contribution is also depicted (solid black line).
